In this paper two numerical stochastic models of time series of the average daily heat index are considered. In the first model, time series of the heat index are constructed as a function of simulated joint nonstationary time series of air temperature and relative humidity. The second model is constructed under the assumption that time series of the heat index are non-stationary non-Gaussian random processes. Data from real observations at weather stations were used for estimating models' parameters. On the basis of the simulated trajectories, some statistical properties of rare meteorological events, like long periods of time with high heat index, are studied.
INTRODUCTION
It is known that of all the effects of the environment on human beings, one of the most significant for the human health and well-being are the factors determining the thermal state of a person. With adverse combinations of these factors, there is a threat of hypothermia or overheating of a body (Kobisheva et al., 2008; McGregor et al., 2015; Zare et al., 2018) . Different bioclimatic indices (heat / cold stress index, heat index, weather severity index, etc.) are used to assess the combined heat effects on the human body of high temperature and relative humidity, cold humid air and wind speed, as well as other meteorological processes.
At present, to study the properties of the time series of bioclimatic indices two approaches are mainly used. In the framework of the statistical approach, data from real observations are analyzed, see, for example, (Kershaw and Millward, 2012; Revich and Shaposhnikov, 2018; Shartova et al., 2018) . The second approach is a dynamical oneit is based on the use of hydrodynamic models of atmospheric processes (Gosling et al., 2009; Ohashi et al., 2014) . a https://orcid.org/0000-0002- In 2018, the author of the paper together with colleagues at the Institute of Computational Mathematics and Mathematical Geophysics SB RAS (Novosibirsk, Russia) and the Voeikov Main Geophysical Observatory (St. Petersburg, Russia) began the development of a stochastic approach to studying and simulation of the time series of bioclimatic indices. For short time intervals (about 10-12 days), models of high-resolution time series of the heat index and the enthalpy of humid air were constructed and validated. These models take into account the daily variations of the real weather processes (Kargapolova et al., 2019) .
The objective of this paper is to propose such a stochastic model of time series of the average daily heat index (ADHI) on a long intervals that would take into account the influence of a seasonal variation of air temperature and relative humidity on the time series of the ADHI. In this paper two stochastic models are considered. It is shown that the model based on simulation of the joint time series of air temperature and relative humidity does not reproduce properties of the ADHI time series as good as it reproduces properties of the high-resolution time series of the heat index. In contrast, a model based on simulation of the ADHI time series using the inverse
THE HEAT INDEX
To describe the influence of high air temperature and relative humidity on a human being the so-called "heat index" is frequently used (Steadman,1979; Steadman, 1984) . The overview and comparison of existing approaches to the definition of this index is provided in (Anderson et al., 2013) . In this paper, the average daily heat index HI is defined using the approach, proposed in (Schoen, 2005) .
T and H are the average daily air temperature and relative humidity, respectively, D is dew point temperature. Here unit of measurement of air temperature is a Celsius degree, and relative humidity is measured in fractions of unity; the heat is supposed to be dimensionless. It should be noted that the heat index is not measured at weather stations, but it could be calculated using the above-given formulas based on the observed values of air temperature and relative humidity. Let
 
12 N HI HI ,HI , ,HI  denote time series of the average daily heat index (ADHI) on a N  day interval.
THE TH-MODEL
Since the heat index is a function of air temperature and relative humidity, a natural approach to the simulation of its time series is to simulate the joint time series of air temperature and relative humidity and then to calculate values of the heat index. Such an approach was proposed and validated in (Kargapolova et al., 2019) for the simulation of highresolution time series of the heat index at short time intervals. The model proposed therein is based on the model of periodically correlated joint time series of air temperature and relative humidity detailed in . Let us apply the approach described to the simulation of time series of the ADHI at long time intervals. Statistical analysis of real meteorological data reveals that the joint time series T , ,T ,H ,H , ,H  of the average daily air temperature and relative humidity long time intervals are non-stationary. One-dimensional distributions and a correlation structure of the joint time series of air temperature and relative humidity are used as the model input parameters.
In order to construct a stochastic model, the use of sample one-dimensional distributions is not reasonable, since the sample distributions do not have any tails, and therefore do not allow one to estimate the probability of occurrence of extreme values of the heat index. In this connection, it is necessary to approximate the sample distributions densities by certain analytic densities, which, on the one hand, do not greatly alter the form of a sample distribution and its moments, and on the otherpossess tails.
It should be noted that for approximation of the empirical one-dimensional distribution   k sx of the average daily temperature, the Gaussian distribution is often used (Ogorodnikov, 2013; Richardson, 1981; Richardson and Wright, 1984) . However, the numerical experiments have shown that if, despite an increase in the complexity of simulation, one approximates the temperature distribution with a mixture
of the two Gaussian distributions, the quality of the model being significantly improved. In this paper, the parameters
were chosen using the algorithm, proposed in (Marchenko and Minakova, 1980) . This algorithm makes possible to choose such parameters of the density (2) RR are the sample crosscorrelation matrices of these two weather elements.
For the simulation of   T ,H with given onedimensional distributions (1) and a given correlation matrix (3), the method of inverse distribution function was used (Ogorodnikov and Prigarin, 1996) . In the framework of this method, simulating the sequence HI comes down to an algorithm with four steps:
Step 1. Calculation of the matrix R that is a correlation matrix of an auxiliary standard Gaussian Step
Step 4. Calculation of HI using its definition (1) given in the previous section.
If the matrix
R , obtained at the first step, is not positive definite, it must be regularized. Several methods of regularization are described in (Ogorodnikov and Prigarin, 1996) . In this paper, the method of regularization based on substitution of negative eigenvalues of the matrix ' R with small positive numbers was used. At the second step, the simulation of the standard Gaussian sequence   T ' ,H ' with the correlation matrix ' R could be done using the Cholesky or the spectral decomposition of the matrix ' R (Ogorodnikov and Prigarin, 1996) . The latter is used here. Steps 2-4 are repeated as many times as many trajectories are required.
Any stochastic model has to be verified before one starts to use simulated trajectories to study properties of a simulated process. For model verification, it is necessary to compare simulated and real data based estimations of such characteristics, which, on the one hand, are reliably estimated by real data, and on the other hand are not input parameters of the model.
In this paper, the long-term observations data from weather stations located in different climatic zones were used for verification. Although all examples in this paper are given only for the stations in the cities of Sochi (the Black Sea region, years of observation: and Astrakhan (the Caspian Sea region, years of observation: , all the conclusions are valid for all considered weather stations.
The correlation coefficients   , ik corr HI HI of the ADHI time series are not input parameters of the TH-model, so they could be used for the verification of this model. Figure 1 shows the correlation coefficients   11 , h corr HI HI  , estimated with real data (with 2 confidence interval) and with the 5 10 trajectories obtained with the TH-model. Numerical experiments show that for all considered weather stations and time intervals, the absolute difference of correlation coefficients estimated with real and simulated data does not exceed 2 . Hereinafter,  is a statistical estimate of the standard deviation of the characteristic under consideration when estimating with real data. Thus, the TH-model well reproduces the correlation structure of time series of the ADHI.
As a matter of fact, other properties of real time series of the ADHI are either not reproduced or poorly reproduced by the TH-model. As an illustration, Tables 1-3 Astrakhan. July, 1-31. T ,T , ,T , ,T ,, ,T , T ,H , H , ,H , ,H , ,H      T ,H , k ,n, i ,N  are temperature and relative humidity measured n times per day in a day number i , respectively, then calculate the highresolution time series of the heat index and average them to obtain the ADHI. It should be noted that this approach to the simulation is time-consuming (for instance, one has to solve 2 n times more equations to define the correlation matrix of an auxiliary Gaussian process than in case of the simulation of the   T ,H time series).
THE HI-MODEL
In this section, another approach to the simulation of the time series of the average daily heat index is considered. In the framework of this approach (denoted as the HI-model), at the first step, a sample of real time series of the ADHI is formed using the long-term observation data about the average daily temperature and relative humidity. Then sample histograms are approximated with some onedimensional distribution densities  , 1, using the method of inverse distribution function (in a similar way to steps 1-3 in the TH-model).
Results of verification of the HI-model are provided below.
Tables 4 and 5 show the estimations of the average number   AN lev , defined in the previous section. It is clearly seen that the HI-model well reproduces this characteristic of the ADHI time series both for harmless levels lev and for dangerous levels (the heat index between 32 and 41 is the extreme caution, between 41 and 54 is danger, above 54 is the extreme danger). Another characteristic that was used both for the verification of the HI-model and for the study of the heat index time series properties was the probability  .
pl Tables 6 and 7 show the estimations of   pl based on real data and simulated trajectories. For all the considered weather stations and time intervals, the absolute difference of   pl estimated on real and simulated data does not exceed 2 . This means that this characteristic is well reproduced by the HImodel.
The verification of the HI-model has shown that this model with high accuracy reproduces many of the statistical characteristics of real ADHI time series. Accordingly, it is possible to use the HI-model to study those properties of the time series that cannot be studied using real data. Among other things, it is possible to investigate an impact of an increase in the average air temperature on the duration of periods with the extremely high ADHI, on probability of the occurrence of dangerous values of the ADHI and other properties of adverse weather phenomena. Below the results of one of the numerical experiments conducted using the HI-model are given. The main idea of the experiment was to increase the average daily temperature on condition that relative humidity does not change, to estimate the parameters of the distributions used in the HI-model using the simulated temperature data, real relative humidity data and real correlation coefficients, to simulate the time series of the ADHI and to access an average number   AN lev of the days with the ADHI above level lev . Simulation of air temperature nonstationary time series was based on the model proposed in (Kargapolova, 2018) . Figure 2 shows the results of this experiment for the four cases: when the real average daily temperature was used and when the average daily temperature was increased by 0.1 , 0.5 , 1. in the average air temperature causes a hefty increase of days when people must be careful being outside. In this numerical experiment the simplest warming scenario was used. For a detailed study of the climate change influence it is necessary to use more complex scenarios. For example, dependence between changing temperature and relative humidity is meant to be taken into account. Study the possible alternation of the ADHI using complex climate change scenarios and stochastic models calls for further investigations.
CONCLUSIONS
In this paper, it is shown that the TH-model used to simulate high-resolution time series of the heat index cannot be used to simulate the ADHI series. Another approach (the HI-model) to the simulation of these time series is proposed. The results of verification of the HI-model and an example of its application for studying the ADHI properties, which cannot be studied from real data, are given. In the future, it is intended to use the model constructed for solving a number of bioclimatological problems related to development of proper heat-/cold waves prediction systems and long-range forecasting of the climate regime alteration. To solve these problems, it is necessary to turn the proposed model into a fully parametric one and to add a capability to simulate conditional time series.
